§1. Introduction
Mochizuki [17] has studied the scattering problem for wave equations with dissipative terms (see also Nakazawa [19] ). In this paper we shall study the similar problem for wave equations with dissipative terms in stratified media.
To explain our wave equations, we state acoustic operators in stratified media.
Let n 1 and (x, y) ∈ R n × R. We set Considering the case c h < min(c + , c − ) we find the guided waves (cf. Wilcox [28] or Weder [27] ). L 0 is a positive self-adjoint operator in G = L 2 (R n+1 ; c 0 (y)
is given by H 2 (R n+1 ), H s (R n+1 ) being Sobolev space of order s over R n+1 .
We deal with the following dissipative wave equations: (see Theorem 3.1). [17] has already dealt with the case c h = c + = c − = 1 and n 2 of (1.1). His proof has been based on Kato's smooth perturbation theory [14] and some resolvent estimates for L 0 as in Proposition 1.0 below.
Proposition 1.0.
Assume that c h c + = c − . Then there exist positive constants C and η such that [12] is stated low energy part (|ζ| → 0) for the case c h < min(c + , c − ). Ben-Artzi, Dermenjian and Guillot [2] has also considered low energy estimate for the case θ 1. In [12] the condition c + = c − is needed to get the estimate of the high energy part (|ζ| → ∞). It seems that this condition is a technical one. However another case, c h < min(c + , c − ) and c + = c − , have not been dealt yet. In generally it is not easy to get the estimate of (1.4) type. For instance, considering c h < min(c + , c − ) we have to analyze thresholds (cf. [28] , [27] and [12] ).
In this paper, to show the existence of scattering states we use the following resolvent estimates of L 0 .
Proposition 1.1.
Assume that the positiveness of c + , c h , c − only. Then for any β > α > 0, there exist positive constants C α,β and η such that
Proof. See DeBièvre and Pravica [5] In Proposition 1.1 we do not restrict ourselves to special cases, for instance
As results of the resolvent estimates of L 0 , there are [27] , Ben-Artzi, Dermenjian and Guillot [1] , Boutet de Monvel-Berthier and Manda [3] too.
We shall give an abstract framework which is used the idea of [17] . Applying our framework to (1.1) and (1.2) we show the existence of the scattering states for those equations (see Section 3). Then (1.5) will be used.
Below we state our framework.
Let H be a separable Hilbert space with inner product ·, · H . This norm is denoted by · H . Let A 0 and B be self-adjoint operators in H. We suppose that B is non-negative, D(A 0 ) ⊂ D(B) and the following assumptions.
√ B can be extended to a bounded operator Q(ζ) which satisfies that for any β > α > 0, there exist positive constants C α,β and η such that
where ζ ∈ C and · is the norm of the bounded operator in H.
According to [14] , [15] or Reed and Simon [24] , (1.6) implies that
and (1.7) means that B is A 0 -local smooth (see also (2.1) of Section 2).
. Then Reed and Simon [23] (see Theorem X-50) implies that A generates a contraction semi-group, {V (t)} t 0 (V (t) = e −itA ). The unitary group generated by A 0 is denoted by {U 0 (t)} t∈R (U 0 (t) = e −itA0 ).
−1 is densely defined, it follows from (A3) and [24] (see Theorem XIII-20) that A 0 is absolutely continuous. Then we may suppose
Abstract result is
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exists. Moreover W is not zero as an operator in H.
We shall use (1.5) to get (1.6) or (1.7) (see Section 3). Theorem 1 (2) implies that there exist scattering states of dV (t)g/dt = −iAV (t)g, g ∈ D(A) as follows:
Corollary 2.
Let A 0 and B be self-adjoint operators in H.
Assume that B is non-negative, D(A 0 ) ⊂ D(B) and (A1) ∼ (A3). Then there exist non-trivial initial data f ∈ H and f + ∈ H such that for any
The proof of Theorem 1 and Corollary 2 will be given in Section 2. Abstractly, Mochizuki's result [17] can be explained as follows. Let A 0 and B be self-adjoint operators in H. If we suppose that B is non-negative, bounded and there exist positive constants C and η such that
instead of (A1), (A2) and (A3), we can prove the same conclusion as in Theorem 1 (see Lemma 2.1 of Section 2).
(cf. [14] , [15] or [24] ). (1.9) means that B is A 0 -smooth.
We give some remarks concerning our results and the framework as in [17] . The proof of (1.6) or (1.7) is easier than that of (1.8) or (1.9). [17] does not argue the conclusion as in Corollary 2 because he uses no compactness like (A2). From these points of view, our abstract result is a extension of framework of [17] .
Previous framework [13] using Enss method (cf. Enss [8] , Simon [25] and Perry [20] ) has not been applied to (1.1) and (1.2) with c h < min(c + , c − ). Since generalized eigenfunctions of acoustic wave propagation in stratified media with c h < min(c + , c − ) have thresholds (cf. [28] or [27] ), the key estimates of [13] has not been obtained in the neighborhood of each threshold (cf. Kadowaki [11] ). Present framework can be applied the wider class of unperturbed systems than the ones in previous framework [13] . But the class of perturbation in [13] (for instance, elastic wave with dissipative boundary conditions in R 3 + ) is wider than the class in this paper.
We shall also consider Schrödinger equations with absorption as applications of present framework (see Section 3). In this paper we give only two applications. However present framework can be applied to other wave equations with dissipative terms, for instance acoustic wave in two unbounded media (cf. Eidus [7] and Kadowaki [10] ) and elastic wave in a half space (DermenjianGuillot [4] ) or stratified (two-layered) media (cf. Shimizu [22] ). Scattering problem in exterior domain as in Mochizuki-Nakazawa [18] can also be considered.
Considering scattering problem for dissipative systems we have to note decay states (see Section 2 (2.10)). It seems that there is little literature which study dissipative systems with energy scattering and decay states, for instance, Georgiev [9] and Stefanov-Georgiev [26] . They have dealt with Maxwell equations with dissipative boundary conditions in exterior domains. In Section 4 we shall given an example of (1.2) which has energy decay (see (4.9) and (4.10)) and scattering states. Energy decay states will be constructed by using eigenfunctions associated with complex eigenvalues of the reduced wave equation from (1.2) (cf. Perry [20] P. 47 and P. 92). The existence of scattering states will be due to Theorem 1 (2).
§2. Proof of Theorem 1 and Corollary 2
For the sake of simplicity, we shall restrict ourselves to the case σ(A 0 ) = σ ac (A 0 ) = R only.
Let E(λ) be the spectral family of A 0 . Then we have
(cf. Kato [14] , Kato and Yajima [15] or Reed and Simon [24] ), whereC α,β is a positive constant which depends on α and β only. Moreover we note the following identity of
Using (2.1) and (2.2) we prove the following lemma. 
Proof. The proof is same way as in Mochizuki [17] Section 3. So we give a brief sketch of the proof only.
For any f ∈ D(A) and g ∈ H we have
Thus Schwarz inequality and (2.1) imply
By (2.3) and (2.4) the proof is complete.
By Lemma 2.1 and (A1) we have the following lemma.
Lemma 2.2.
One has
Let M > 1. Then we have
Therefore noting that Lemma 2.1 and for any ε > 0, there exists M > 1 such that
we have by (2.5) that there existsf + ∈ H such that
Taking s → ∞ in (2.5) and putting g = U 0 (t)h for any h ∈ H, we have
Hence the proof is complete.
Using Lemma 2.2 we prove Theorem as follows.
Proof of Theorem 1. We give the proof of (1) by a contradiction. Assume that there exists f ∈ D(A), λ ∈ R such that Af = λf . Then we have
This yields a contradiction with Lemma 2.2. Below we prove Theorem 1 (2). First we show the existence of W . Set F (λ) = (λ − i) −2 λ. Theorem (1) and Lemma 1.1.6 of Petkov [21] or Simon [25] imply that
By (2.6) it is sufficient to show that {U 0 (−t)V (t)F (A)f } t 0 is Cauchy in H as t → ∞, where f ∈ D(A). We estimate as follows (cf. [25] ):
We note that for any ε, there exists M > 1 such that 
Thus we have
we have by (2.10) and Schwarz inequality (2.11)
(2.2) and (2.10) imply
Hence we have by (2.11) and (2.12)
(A1) and (A2) imply
Therefore it follows from (2.13), (2.14) and (2.15) that g ≡ 0. This is a contradiction. Therefore we have W ≡ 0.
Proof of Corollary 2. First we consider the case k = 0. Since U 0 (t) is unitary in H, we have by Theorem 1 (2) that there exist non-trivial initial data f ∈ H such that W f = 0 and
Setting f + = W f we have Corollary 2 for k = 0. Next we consider k = 1. Noting the following
We have Corollary 2 for k = 1 by Lemma 2.2, (A2) and Corollary 2 for k = 0.
To show the cases k = 2, 3, 4, · · · , we should use the induction. Here we omit to prove. §3. Applications Application 1 (Acoustic wave equations with dissipative terms in stratified media).
We apply Theorem 1 (Corollary 2) to (1.1) and (1.2). We set f (t) = t (u(t), ∂ t u(t)). Then (1.3) and (1.1) or (1.2) can be written as ∂ t f = −iA 0 f and ∂ t f = −iAf respectively, where
where
Let H be Hilbert spaces with inner product
and · H is the corresponding norm, where
Then A 0 is a self-adjoint operator in H and generates a unitary group {U 0 (t)} t∈R in H. B is non-negative and bounded. Concerning (1.1) and (1.2) we have the following result.
Theorem 3.1.
A 0 and B as in (3.1) satisfy (A1)∼(A3). Therefore A = A 0 − iB generates a contraction semi-group V (t) and the same conclusions as in Theorem 1 and Corollary 2 hold for V (t) and U 0 (t).
Proof. We make a check on (A1), (A2) and (A3). Note that
and T 0 is a unitary operator from H onto G × G. It follows from (1.5) that for In the same argument as in Mochizuki [17] Section 3 we can show (A3) as follows. Let g = (g 1 , g 2 ) ∈ H. We set
First considering (1.1) i.e.
Therefore we can calculate as follows:
(1.5) of Proposition 1.1 and (3.3) imply (A3). Thus we have the conclusion of Theorem 1 and Corollary 2 for the between V (t) by (1.1) and U 0 (t).
Next we consider (1.2) i.e.
Note that
for any f ∈ H. Setting
we have
Note (3.3) which is changed B and b(x, y) to B 1 and X θ , respectively. Thus (3.4) implies (1.7). Since (1.7) means that (2.1) holds, we have the conclusion of Theorem 1 (Corollary 2) for the between V (t) by (1.2) and U 0 (t).
Application 2 (Schrödinger equations with absorption)
. Let x ∈ R n , where n 1. We assume that V 0 (x) and ϕ 0 (x) is measurable functions which satisfy
for some θ > 1 and C > 0, respectively.
and
A 0 is a self-adjoint operator in H. B is non-negative and bounded operator.
Thus we have D(A 0 ) ⊂ D(B).
We consider
where (x, t) ∈ R n × R + .
These are similar to (1.1) and (1.2), respectively. Defining
we write (3.6) and (3.7) as follows:
Then we have We can also deal with V 0 (x) having some singularities, for instance
Then moreover assuming n 3 and using the Sobolev theorem
where 1/2 − l/n = 1/q, q > 2, we have (A2) and (A3).
If we apply the framework as in [17] to (3.6) or (3.7) we should restrict ourselves to the cases n 3 and θ 2 (see Proposition 3.5 as below). Because for other cases, n = 1, 2 or 1 < θ < 2, it is difficult to be held (1.8) with A 0 = − , B = (1 + |x| 2 ) −θ/2 (for detail, see [16] Theorem 4.4.1 (4) and Corollaries 4.4.3, 4.4.5 and those proof). For the cases n 3 and θ 2 we note the following proposition which is concerning the low energy part (for the high energy part, see Proposition 1.0).
Proposition 3.5.
Assume that n 3 and θ 2. Then one has
This is the well-known estimates and an improvement of [16] 
§4. Energy Decay States for (1.2)
In this section we give a simple example of (1.2) which has energy decay states.
By choosing ϕ(x, y) we construct complex eigenvalues and eigenvectors for
Assuming z = 0, we have 
Put z = λ + iκ, λ ∈ R, κ < 0. Then it follows from the real and imaginary parts of (4.4) that 
The above equation implies
. where λ and κ are as in (4.8) .
In the same way as above we also have an energy decay state of (4.11) where (x, t) ∈ R n × R + , α ∈ R, β > 0 and ϕ 0 (x) is same as in Application 2.
Indeed, setting Therefore we have an energy decay state of (4.11).
, where t(µ 1/2 ) is a trace operator, from L 2 (R n ; (1 + |x|
given by t(µ 
